Abstract The purpose of this work is to develop a mathematical model that can quantify the dispersion of pigments, with a focus on the mechanical breakage of pigment agglomerates. The underlying physical mechanism was assumed to be surface erosion of spherical pigment agglomerates. The full agglomerate particle size distribution was simulated. Data from two previous experimental investigations were used for model validation. The first concerns two different yellow organic pigments dispersed in nitrocellulose/ethanol vehicles in a ball mill and the second a red organic pigment dispersed in a solvent-based acrylic vehicle in a three-roll mill. When the linear rate of agglomerate surface erosion was taken to be proportional to the external agglomerate surface area, simulations of the volume-moment mean diameter over time were in good quantitative agreement with experimental data for all three pigments. The only adjustable parameter used was an apparent rate constant for the linear agglomerate erosion rate. Model simulations, at selected values of time, for the full agglomerate particle size distribution were in good qualitative agreement with the measured values. A quantitative match of the experimental particle size distributions could be obtained using time-dependent fragment distributions, but this resulted in a very slight improvement in the simulated transient mean diameter only. The model provides a mechanistic understanding of the agglomerate breakage process that can be used, e.g., in the development of novel dispersion principles and for analysis of dispersion failures. The general applicability of the model, beyond the three pigments considered, needs to be confirmed.
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Introduction
When pigments are manufactured, the targeted particle size distribution (PSD) will reflect the best compromise of particle properties. However, the individual particles will typically, due to van der Waals forces (i.e., physical interactions) and despite various surface treatments, be present in porous agglomerates in the final pigment powder. During subsequent coating or ink production, the agglomerates need to be taken apart to smaller entities in an attempt to optimize coating properties such as color strength and shade, opacity and hiding power, UV radiation resistance, gloss, and rheology. This process is called ''dispersion'' and is one of the most important steps in the production of pigmented coatings or inks. Dispersion is done with the so-called mill base (where no particles are actually ''milled''), which consists of pigment powders in one or more viscous binder components, often also including dispersion agents and some solvent. 1 The dispersion obtained is subsequently mixed with other ingredients to form the final coating.
The dispersion process itself is complex and consists of three separate steps: wetting of pigment surfaces, mechanical disruption (breakage) of agglomerates, and stabilization of the primary particles (or smaller agglomerates) formed, to prevent reagglomeration. 1 From a practical point of view, pigment dispersion must be an efficient process. This means that machine power consumption should be minimized and/or dispersion time kept as low as possible. Which type of equipment to use depends on the pigments of interest (agglomerate strength) and typically coating companies will have more than one apparatus type available in house. Classical dispersion equipment, such as bead, ball, and pearl mills, high-speed impellers, and roller mills are still extensively used, 1 but also equipment based on new principles of dispersion have been introduced. Vacuum feeding of pigment powders (to remove air in agglomerates), breaking of large agglomerates with mechanical forces under dry conditions, and subsequent fast contact between agglomerates and wetting liquid under pressure are examples in this direction. 2 Also, the so-called rotor-stator principles are used, where high shear forces are generated in a workhead or a narrow gap. 3, 4 Due to commonly lower particle size and more problematic wetting, organic pigments are frequently more difficult to disperse compared to inorganic pigments. Organic pigments are expensive, and it is mandatory that they are thoroughly dispersed. Poor agglomeration may result in a 30% to 50% reduction in tinting strength. 1 In practice, the manufacturer of coatings usually considers dispersion to be related to the number of oversized particles detected on a fineness of grind gage (grindometer). However, this simple, but practically very useful, technique gives only an indication of particles (agglomerates) dimensions of which are about 10 lm or greater. 5, 6 While these high particle sizes can cause film surface defects, and therefore should be reduced, the grind gage does not give information on how the average particle size develops, which is of relevance for many coating properties. 7 It is, in many ways, more informative and reliable to also work with the entire agglomerate PSD or at least an average particle size based on the full PSD. Such measurements are in many cases now possible using modern laser diffraction equipment, and if dilution of the sample, prior to a measurement, can be done directly in the relevant binder liquids, very useful datasets can be obtained (see, e.g., McGarvey et al. 8 ) To supplement PSD measurements, mechanistic mathematical models, describing the dispersion process, can help to provide a solid understanding of the influencing process parameters and the kinetics of dispersion. The latter is important, for instance, when evaluating when to stop a dispersion process to avoid an inefficient continuation. With mathematical models available (and ''cali-brated''), it is also easier to find the reasons for possible dispersion failures on a case to case basis in a structured manner and subsequently in a fast way find solutions to the problems encountered.
1 Detailed models also provide mechanistic information in a formalized way that may be used in the design and development of novel dispersion equipment.
Previous mathematical models and purpose of present work
Despite the huge importance of dispersion in the fields of inks and coatings, attempts at quantitative descriptions of the process in relevant equipment are very few. 1 However, a number of comprehensive mathematical models have been developed for dispersion of fillers in molten plastics (composites) using high shear devices such as extruders. Starting with the coatings area, Wahl et al. 7 derived a one-parameter model for how the number of ''large-size'' agglomerates develop over time in a high-speed disperser. Agglomerates were assumed to have the same ''tendency to disperse,'' and model predictions were compared to grindometer readings. Winkler et al. 9 set up a model for pigment dispersion based on a probabilistic approach. Using expressions developed for breaking and stress probabilities, the total probability of an agglomerate being dispersed could be calculated. An important finding was that a lack of energy density cannot be compensated by dispersing for a longer time. The model is useful for an empirical evaluation of the overall dispersion process, but does not explicitly include the size of agglomerates and no specific dispersion mechanism is considered.
Bohin et al. 10 studied the single-particle kinetics of dispersion of high-porosity silica agglomerates in silicone polymers. Initial agglomerate size was in the mm range, and experiments took place in a rotating cone and plate device. The rate of erosion was assumed to be proportional to the excess of the hydrodynamic force acting on an agglomerate relative to its cohesive strength. A strong dependency of the erosion rate on the silicone infiltration rate and shear rate used was found. Similar effects of porosity and infiltration rates were found by Lee et al. 11 for TiO 2 agglomerates (mm size) in PDMS fluids at rather low shear rates. In this case, the agglomerate porosity needed to exceed 65% for the infiltration rate to influence the dispersion rate.
Lozano et al. 12 set up a model to predict the agglomerate size distribution of CaCO 3 agglomerates being dispersed in polypropylene in a twin-screw extruder. The model includes a rupture and an erosion mechanism and was validated against axial PSD extruder data obtained from micrographs of polished samples. In total, the model contains four adjustable parameters for the rupture kinetics (in practice, the splitting fractions into the six discrete particle classes considered in the experimental data), three adjustable erosion rate constants, and a weight factor (taken as 50%) indicating the importance of each mechanism. The three erosion parameters were estimated from a separate experiment with a selected mixer.
Lee et al. 13 modeled a bead mill process for dispersion of coagulated nanoparticles into coolant oil. A population balance was used to predict the average particle size over time based on an assumption of a dominant two-piece rupture mechanism (erosion was not considered). Three adjustable parameters, with values fitted using a reduced set of data, were needed in the model. Simulations with the adjusted parameters gave prediction results that ''reasonably matched'' the rest of the experimental data.
Potente et al. 14 simulated dispersion of fillers in molten polymers using co-rotating twin-screw extruders. Erosion, rupture, and clustering mechanisms were all included with explicit theoretical expressions (derived in Flecke et al. 15 ) for the rates of each phenomenon. The temporal derivative of the average agglomerate diameter was first order in the average agglomerate diameter for all three mechanisms. For the erosion mechanism, active already at low shear rates, primary particles only were assumed to erode from the surface. The rupture mechanism sets in at a critical shear rate, and at high shear rates, the two mechanisms take place in parallel. Experimentally, PSDs were estimated, using image analysis, for CaCO 3 and talc particles in three polymers in an extruder. The experimental particle median was compared with simulations and a good qualitative agreement was found.
Finally, Baldyga et al. 16, 17 considered dispersion of nanoparticle clusters (fumed aerosol) in a polymethylsiloxane liquid in a rotor-stator mixer. Their very detailed particle structure model (including fractal geometries and various structure parameters) was combined with computational fluid dynamic calculations describing the flow conditions and the ''trends'' of a very narrow bi-modal PSD could be predicted.
Summarizing the above analysis, it can be concluded that detailed studies have been conducted on single mm-size agglomerates and on models for dispersion processes, mainly in extruders. The models typically involve tuning of a number of adjustable parameters by comparison with measured average diameters. In the coatings field, very few modeling studies are available. In his recent book on dispersion of pigments and fillers, Winkler 1 states that the dispersion process ''is still often looked upon as being more of an art than a fundamental, scientifically underlain technical process'' and that ''quantitative prognoses are difficult.''
The purpose of the present work is to develop a mathematical model that, based on a mechanistic understanding, quantifies the dispersion of pigments (or more precisely, the mechanical breakage of agglomerates), while taking into account the entire agglomerate PSD. An important requirement of this engineering model is that it should be sufficiently simple to allow daily use on dispersion processes (i.e., the number of adjustable parameters should be low and have a physical meaning). Simulations with the model are compared to previous experimental investigations of dispersion processes with selected organic pigments. Based on the analysis conducted, future experimental studies, needed to advance the field, will be suggested.
Mathematical modeling
A mathematical model capable of simulating dispersion of pigment agglomerates is described here. Only liquid dispersion, of relevance for coatings and inks, is considered. The underlying mechanism is illustrated in Fig. 1 . In actual coating systems, the dispersion process is always incomplete in that the pigment is never entirely present as single discrete particles. As an example, Hornby and Murley 18 estimated that, for TiO 2 pigments in an alkyd system and based on electron microscopy, only about 30% of the pigment particles were present as single particles, the remainder being present as groups of two, three, or more. Brisson et al. 5 found similar numbers.
Model assumptions
• The dispersion process is in batch mode (i.e., there are no input or output streams to the mill base).
• Only one pigment type at a time is present in the disperser (i.e., pigment mixtures are not considered). • Agglomerates decrease in size due to surface erosion only (i.e., rupture is considered negligible).
• Clustering of agglomerates or fragments of these (as suggested by Potente et al. 14, 19 for composites in extruders) and any potential reagglomeration are considered negligible.
• The agglomerates have a porosity sufficiently low to prevent dispersion being influenced by the rate of liquid (vehicle) penetration into pigment agglomerates 11 (i.e., the penetration is instantaneous and mechanical breakage of agglomerates is the rate-determining step in the overall dispersion process).
• Agglomerate fragments, originating from surface erosion, are displaced to smaller agglomerate sizes according to a cumulative Weibull distribution.
• Agglomerates cannot erode to a diameter smaller than a certain minimum size, d p,min .
• The dispersion process is isothermal and solvent evaporation can be neglected.
The above assumptions call for some discussion, and the most important ones are re-addressed in a later paragraph. The mathematical model can now be developed.
Population balance equation
To keep track of the PSD of agglomerates, a conservation equation based on numbers is needed
There are no input and output streams because a batch process is considered. Expressed in quantitative terms, the population balance equation can now be written, in discrete form, as 30, 31 ). Smaller agglomerates, in a distribution of sizes, are formed as erosion fragments. Spherical agglomerates and primary particles are used in the model and in the illustration, but other shapes (e.g., plate, rod, or cube/brick 32 ) are possible for the primary particles (in particular for organic pigments) and agglomerates can also deviate, to some extent, from the spherical shape.
with initial condition (2), as well as an experimental verification, was done in Kiil et al. 20 for dissolving limestone particles in an acidic mixed flow reactor and modified here to describe batch dispersion. The first and second generation terms on the right side of equation (2) account for the number of larger agglomerates of size d p,j+1 , eroding to the current size, d p,j ; and particles of the current size eroding to size d p,jÀ1 , respectively. The last term on the right-side of equation (2) accounts for spherical erosion fragments entering the current size class from larger classes. In this last term, F(d p,j ) represents a cumulative fragment PSD up to d p,j . More details on the form of F(d p,j ) are provided later. This approach means that the shrinking agglomerate cores and the erosion fragments produced are handled with separate terms in equation (2) . The parameter a (=V eff / V L ) accounts for the fact that not all the dispersion liquid volume (V L ) in a dispersion device may be active in dispersing the pigments (i.e., only V eff is active) as discussed by Winkler et al. 9 and Winkler. 1 When performing a simulation, V j and d p,j values are specified initially, when selecting the number of discretization points, whereas N j values are calculated as a function of dispersion time.
Volumetric rate of surface erosion
The volumetric rate of surface erosion, R j , needed in equation (2), can be expressed, via a differentiation, as
where the linear agglomerate erosion rate, d(d p,j )/dt, is a potentially size-dependent erosion rate.
Linear agglomerate erosion rate
To solve the population balance, equation (2), a kinetic expression is needed for the linear agglomerate 
where d p,j is the current agglomerate diameter, k d is a rate constant, and n is the rate order (equal to 0, 1, 2, or 3). k d is a function of the type of pigment agglomerates (e.g., porosity, cohesion strength, and primary particle shape), vehicle and dispersion equipment considered, pigment concentration in the vehicle, the presence of dispersing additives and moisture, as well as operation parameters selected for a given dispersion experiment.
In the present work, these dependencies are not mapped, only the overall underlying mechanical dispersion mechanism is investigated, and k d can be considered an ''apparent'' rate constant. The value of n to use in equation (5) will be investigated in the ''Results and Discussion'' section.
Initial agglomerate particle size distribution
The initial number distribution is calculated from
where f j0 is the initial weight fraction of particles of size d p,j in the mill base. C P is the pigment concentration, and e A is the agglomerate porosity. Note that N j0 and N j are dependent on the values of C P , q pigment , and e A , but not the PSDs presented later because these are by nature relative variables.
Cumulative fragment distribution resulting from surface erosion of an agglomerate
To describe the cumulative fragment PSD resulting from surface erosion, F(d p,j ), the so-called cumulative Weibull distribution was used
where n RR is a constant describing the material uniformity (''uniformity constant''), and d c,j is the ''characteristic particle size,'' defined as the size at which (1 À 1/e) or 63.2% of the particles (by weight) are smaller. 21 It is assumed that d c,j in all cases can be calculated from the arithmetic mean value
where d p,min is the smallest diameter considered in the analysis (i.e., either primary particle diameter or lowest experimentally detectable particle size). The Weibull (or the associated Rosin-Rammler) distribution has previously been used, e.g., to describe the distribution resulting from crushing and milling, 21 as well as breakage of particles 22 and was assumed valid here for describing the distribution of surface erosion fragments.
Volume-moment mean diameter
The mean diameter of a PSD can be represented in a number of ways. 23 It was chosen here to work with the volume-moment mean diameter (i.e., the mean of the volume distribution). Used on a PSD, the volumemoment mean diameter, d VM , can be written as
Frequency distribution
The frequency distribution is calculated as a model output and for an individual particle class, on a logarithmic particle axis, dV/dlog(d p ), was calculated according to
where d pm,j is the arithmetic mean diameter of particle class j.
Closure of volume balance
It is essential to investigate if the overall agglomerate volume balance can be closed (i.e., the total particle volume is constant) at all values of dispersing time during the simulations. The following equation was used for this purpose
where N j0 and N j are the number of particles of size d p,j present initially (t = 0) and at time t in a given size class, respectively. e is the accepted closure tolerance, specified here to 10 À3 .
Dimensionless variables, estimation of parameters, and solution of the mathematical model
The model was rendered dimensionless by introduction of suitable dimensionless variables for N j , t, and d p,j . Input parameters to the model are pigment loading, C P , pigment density (skeletal), q pigment , agglomerate porosity, e A , the initial agglomerate PSD, the minimum agglomerate diameter (typically equivalent to the primary particle size), d p,min , the uniformity constant, n RR , and the fraction of dispersing volume active in the dispersion liquid, a. The latter parameter was arbitrarily taken to 0.5. In the model, k d and a only appear as the product, k d a, and simulations are not affected by the value chosen for a (except that another k d value is obtained in the fitting process). The consequence of this is that the effect of k d and a cannot be separated, and the k d values obtained are not ''true'' erosion rate constants. The value of a is expected to be system dependent. The parameter n RR in the Weibull distribution should be higher than 5 for B3L pigment (to be introduced later) to ensure the cumulative distribution of fragments, F(d p,j ), reaches unity below the current size d p,j (agglomerates cannot grow in size). The model is not sensitive to n RR values above 5, but should also not be taken to very high values (>30), where numerical instabilities can start to appear. For LBG and DPP pigments (also introduced later), the Weibull parameter n RR must be in the interval 15 < n RR < 30 and 20 < n RR < 30, respectively.
The geometrical dependency of the rate (i.e., the parameter n) needs to be selected, and the model contains a single adjustable parameter, the surface erosion rate constant, k d . Estimations of k d and n are discussed in the ''Results and Discussion'' section.
The coupled ordinary differential equations in the model (population balance equation) were solved using an available integration routine. To obtain convergence, it was necessary to work with at least 70 discretization points, resulting in an equal number of ordinary differential equations. The discretization points were selected based on an equal distribution of particle volume in each particle class. This means that the particle classes do not have the same width, and the class selection process was handled using a vector searching software 24 combined with linear interpolation on the discrete cumulative distribution (t = 0) obtained from experimental data (see next paragraph). Calculation time, for the most demanding simulations, was less than one minute on the ''standard'' PC used.
Experimental data for model validation
Accurate experimental data of dispersion processes, taking into account the entire agglomerate particle distribution, and available in the open literature are very limited. However, very useful data have been published by McGarvej et al. 8 They studied the dispersion of two CI Pigment Yellow 13 organic pigments (termed Yellow LBG and Yellow B3L) in a low-viscosity nitrocellulose/ethanol-based ink millbase. The pigments were dispersed in a ball mill, using balls of metal, whereby intensive shear is imparted to the pigment agglomerates when the balls roll over each other with a relatively thin layer of mill base between them. Dispersion time was 120 h with water cooling. The agglomerate PSD was measured at regular intervals on a Malvern laser diffraction-based apparatus, which gives as output a volume distribution referred to the equivalent spherical volume diameter. Data for refractive index of the pigments were used as input. 8 To avoid influencing the PSD during the measurement, the dilution medium for the measuring cell was the (low viscous) ink varnish itself. However, ethanol was also used as diluting medium, and ''the same trends'' were observed. McGarvey et al. 8 reported the frequency distributions as curves of volume percentage versus particle diameter only, without specifying the interval width. Consequently, to convert these data to a cumulative distribution, which is more convenient to work with in a simulation study, it was necessary to read about 75 data points from each of the curves in McGarvey et al., 8 using a specialized image software. The experimental cumulative distribution, F(d p,j ), was calculated from
where L is the number of data points. The experimental volume-moment mean diameter, d VM , was calculated using equation (9) . It should be noted that the initial PSD (i.e., at t = 0), was not provided in McGarvey et al. 8 The first distribution was recorded after 1 h of dispersion. The reason for this was not stated, but presumably ''very large'' agglomerates have been present initially, outside the measurement apparatus-allowed maximum diameter of 80 lm.
8 This is the reason that the total dispersion time in the figures presented later runs up to 119 h only (as opposed to 120 h in the reference). The experimental PSD recorded after 1 h was used as model input (initial distribution) corresponding to t = 0. Experimental uncertainties (standard deviations) could not be obtained from the data in McGarvey et al., 8 but for Malvern PSD measurements, the uncertainties are expected to be quite low when ''correct'' (particle compliant) dispersion liquid is used (as was done in McGarvey et al. 8 ) A third experimental series was taken from Van et al. 25 They studied, among others, dispersion of Irgazin TM DPP red BO (PR 254) from Ciba Speciality Chemicals. The vehicle (for screen printing inks) used was a blend of a poly(methyl methacrylate) (PMMA) resin and a PMMA copolymer resin at a 3:5 solids ratio at 42.40 wt% total solids in EB acetate solvent. Dispersion took place in a three-roll mill. The cumulative distribution was obtained as explained above for the two yellow pigments.
Results and discussion
The purpose of the mathematical model, developed in the previous sections, is to provide a tool that can be used for analyzing the dispersion mechanism of pigment agglomerates. To verify the pigment dispersion model, three experimental series of data with organic pigments, where full particle size distributions were considered, have been used (see details in experimental section).
Model verification using experimental data for Pigment Yellow 13 B3L
In this experimental investigation, pigment dispersion in a ball mill was considered. Yellow 13 B3L pigment was used. Dispersion time was long, 119 h in total, and full PSDs were presented at four values of time.
Mean agglomerate size over time
With the purpose of initially estimating adjustable model parameters, transient data for the mean agglomerate size was considered. Simulations, and experimental data are compared in Fig. 2 (bottom  plot) . Both the dependency of the linear erosion rate on agglomerate diameter, n, and the erosion rate constant, k d , were varied in an attempt to obtain the best possible agreement. The exponent n was varied only as n = 0, 1, 2, 3. The first case (n = 0), corresponds to a constant and identical linear erosion rate for all agglomerates, whereas n = 1, 2, 3 corresponds to an agglomerate diameter-dependent, an external surface area-dependent, and a volume-dependent linear erosion rate, respectively. The erosion rate constant was allowed to vary freely. It can be seen in Fig. 2 (bottom plot) that n = 0 and n = 1 give simulations quite far from the experimental data. Initially, the simulated erosion rates are too slow, whereas at long dispersion times the rate of dispersion levels off with a lower mean agglomerate diameter in the simulations compared to experimental data. When n = 3, the initial rate is somewhat too high, and at longer duration, the simulation converges to a mean agglomerate value higher than the experimental one. Initially, when many large agglomerates are present, n = 3 will lead to a too high erosion rate, but as the agglomerates get smaller, the erosion rate will die out rapidly due to the high value of n. For n = 2, the simulation (solid line) is in very good agreement with experimental data. It was assumed in the model, that the dominating mechanism of dispersion is surface erosion, and n = 2 actually corresponds to an external surface area dependency of the rate. Contrary to this, Potente et al. 19 suggest the use of what corresponds to n = 1 (and d p a mean diameter) for dispersion of fillers (CaCO 3 and talc) in a twin-screw extruder. As explained in the Introduction, the model of Potente et al. 14, 19 contains 8 adjustable parameters, only primary particles are assumed to erode from the agglomerate surface, and particle sizes below 37 lm could not be taken into account by the image analysis technique used for model validation. It may therefore be hard to confirm their assumption of n = 1.
Full agglomerate particle size distributions at selected values of time
The next issue to consider is how well the full PSDs are estimated when using n = 2 and the associated value of k d from Fig. 2 (bottom plot) . In Figs. 3 and 4 , simulations (full lines) are compared to experimental data for four values of dispersion time (notice the logarithmic x-axis). Starting with Fig. 3 , representing ''snapshots'' after 5 and 15 h of dispersion, respectively, it can be seen that the large particle sizes from 100 down to about 10 lm are in good agreement with experimental data. However, particles smaller than about 10 lm are not predicted very well. Fig. 4 shows ''snapshots'' after 47 and 119 h of dispersion, wherein there is good agreement for the small particles, but not as good for the ''large'' particles (at this point in dispersion time, between about 1 and 10 lm). It is interesting that, despite the good agreement for all values of time in Fig. 2 , the full PSDs are not quantitatively described. This can be attributed to the data in Fig. 2 being mean values, where deviations for the smallest agglomerates will not influence to any great extent in the calculations. This was further verified by conducting a modified simulation (''extended''), where more model parameters were allowed to vary. It was decided to let the distribution of eroded fragments from each agglomerate have a characteristic particle size, d c,j , three times smaller than the arithmetic mean value used in the Base Case (and given by equation (8)) for the first 10 h of the dispersion experiment. The modified simulation is shown with dashed lines in Figs. 2 (top plot), 3 and 4. It is evident not only that a better match is obtained for the full PSDs, but also that the effect on the mean agglomerate diameter (Fig. 2, top) is quite insignificant.
The d v90 and d v99 values, defined as agglomerate diameters below which 90% and 99%, respectively, of the particle volumes are found-also of significant practical interest (large agglomerates are undesired)-are provided in Table 1 . It can be seen that a reasonably good agreement is obtained, but also that the values are only slightly improved from the one-to the multiple-parameter model. It should be stressed that the ''extended'' model is just another way of distributing erosion fragments to smaller particle classes in the first 10 h of dispersion and that other successful combinations of those parameters may be possible. It seems likely that fragment size distributions could be different in the initial phases where very large changes in agglomerate sizes are seen, but these changes, which are only indirectly seen via the PSDs, therefore, could not be confirmed. Rwei et al. 26 have shown that the larger the agglomerate diameter, the larger the erosion fragments formed and that there can be a ''less heterogeneous distribution of cohesivity of particles bound at the surface.'' Another point of interest is that the largest agglomerates in the PSDs in Fig. 4 erode faster than and ''overtake'' the experimental values at long dispersion In the simulation, C P = 210 kg/m 3 , q pigment = 1500 kg/m 3 , and e A = 0.20 (these three parameters do not influence the simulations in Fig. 2 ; only the number distribution is affected). a = 0.5 and d p,min = 0.1 lm times. This may be attributed to the model assumption of agglomerate stability against erosion being the same for all agglomerates of the same size. In the experiments, some of the ''large'' agglomerates left behind at this point of time may be tougher to erode than the ones (of same size) already displaced to smaller size fractions. This is in good agreement with the findings of Horwatt et al., 27 that initially weak points in the agglomerates fail and that strong portions of an agglomerate may resist dispersion. As a consequence of this, additional model parameters would need to be introduced to ''halt'' the simulated dispersion at long dispersion times and enable a match of simulations and experiments. Alternatively, the emergence of an increased discrepancy between model and experiment at long times may be used to help in making the decision on when to stop the dispersion, due to mainly tough agglomerates remaining, and thereby save time and energy, but this practical application was not investigated further.
In summary, using n = 2, the arithmetic mean for fragment distribution via Weibull, and treating the erosion rate constant, k d , as the only adjustable parameter in the dispersion model seems sufficient to get a good estimation of the transient development in the volume-moment mean and d v90 or d v99 agglomerate diameters. This approach will keep the model simple and not require further details on fragment distribution. In later sections, the reliability of this approach will be investigated for two other pigments.
Frequency distributions and sensitivity analysis
The model can also simulate the agglomerate frequency distribution, which is useful for evaluation of details in the PSDs. Results for four values of dispersion time are shown in Fig. 5 . It is evident that the bimodal distribution, seen after 5 h, over time tends progressively toward a monomodal distribution. This development was also found in the experimental data of B3L 8 (not shown). In McCarvey et al., 8 only frequency distributions in % are available, whereas the simulations in Fig. 5 are provided with dV/dlog(d p ) as the y-axis coordinate, whereby the area under each curve equals unity. Simulations cannot be compared directly with the experimental data because the interval widths used by McCarvey et al. 8 are unknown.
It was investigated (not shown) if simulations were sensitive to the choice of cumulative fraction distribution function, F(d p,j ), selected. A Weibull distribution (equation (7)) is used in the model, but also log-normal and normal distributions (as used, e.g., by Rwei et al. 26 ) were tried with arithmetic mean values for the characteristic parameter of the distributions. It turns out that the model is practically insensitive to the choice of distribution. The reason is that the ''width'' of the distribution in all cases needs to be very narrow to ensure that the cumulative fraction distribution has reached unity at (or before) the pertinent diameter, d p,j . If this is not the case, the volume balance will not close (i.e., all the eroded volume of a particle needs to be displaced to smaller size fractions, and this is ensured via the ''width parameter'' of a given distribution). With such steep cumulative distributions, the choice of distribution function is not important. If values lower than the arithmetic particle mean are used in the log-normal or normal distributions, then too many small agglomerates are formed, in disagreement with experimental data. The Weibull distribution is recommended over the other distribution functions because equation (7) is very straightforward to use. The normal and lognormal distribution functions both require evaluation of the so-called error function.
The sensitivity of the model with respect to the erosion rate constant, k d , and the characteristic particle size, d c,j , is shown in Fig. 6 . In the top plot, d c,j has been reduced to 50% and 25% of the Base Case value used in Figs. 2, 3, 4 , and 5, respectively. It can be seen that rather large changes are required for significant effects. It is not possible to match experimental data using d c,j values lower than the arithmetic mean and adjusting k d . This produces too many small agglomerates at long dispersion times (not shown). In Fig. 6 (bottom plot) , a strong effect from k d is evident. This very model- Figs. 3, 4) . The area under each of the curves is equal to unity sensitive parameter seems a good choice for an adjustable parameter, and all pigment-specific parameters are lumped into the value of k d . The changes seen in Fig. 6 for k d could correspond to, e.g., the use of a different apparatus for dispersion or other operational parameters (leading to higher or lower shear rates) or a different vehicle viscosity. Mapping of the effect of pigment-specific and equipment-specific parameters on k d would be a very useful extension of the model, but this requires extensive sets of additional experimental data, and was not attempted here.
Transient developments in size fractions
Finally, in Fig. 7 , the transient developments (in the first 20 h) in three size fractions are shown for Pigment Yellow B3L pigment. The smallest, the largest, and an intermediate size fraction were selected. It can be seen that the largest agglomerates disappear within the first 2 h. Due to agglomerates being formed via fragments from larger agglomerates and due to agglomerates eroding to smaller sizes, the intermediate size fraction increases for the first 3 h and then slowly disappears during the subsequent 16 h. The smallest size fraction, consisting of primary particles, increases continuously because these agglomerates (particles) cannot become smaller than their present size (equal to d p,min ). The simulated time it takes for all agglomerates to be broken down (i.e., less than one agglomerate remaining per m 3 mill base) to primary particles, under the conditions of Fig. 7 , is 8700 h (i.e., about one year!). This long time is due to the smallest agglomerates eroding very slowly. Dispersion time would never be taken to such an extreme in practice, and small agglomerates would be allowed, in good agreement with the experimental findings of Hornby and Murley 18 and Brisson et al. 5 Model verification using data for Pigment Yellow 
LBG
The second pigment that is considered for model verification is Pigment Yellow 13 LBG. According to McGarvey et al., 8 this pigment disperses more readily than B3L. Mean agglomerate size over time and full particle size distributions
The transient development in mean agglomerate diameter of LBG in a ball mill is shown in Fig. 8 . Notice that the ball-milling time is the same as for B3L (119 h), but that the initial mean diameter is only about 9.3 lm, as opposed to 21.3 lm for B3L. After 119 h, the experimental mean diameter is 0.72 lm for LBG and 1.17 lm for B3L. Good agreement is seen between simulation and experimental data in Fig. 8 , when using n = 2 in the model meaning that also for LBG the linear erosion rate is proportional to the external agglomerate surface area. The erosion rate constant, k d , was adjusted to 3.3 m À1 s À1 , about twice the value of k d for B3L (1.81 m À1 s À1 ), confirming the statement by McGarvey et al. 8 that LBG disperses more readily than B3L. In practice, this can be attributed to a faster ''levelling out'' of the transient experimental data (from about 50 to 120 h) in Fig. 8 (LBG) compared to those in Fig. 2 (B3L) (notice the different scaling on the y-axis of the two figures, which makes it difficult to compare the data directly, but when plotted in the same figure the difference can be clearly seen).
Comparisons of simulations and experimental data for the full agglomerate PSDs are shown in Figs. 9 and 10 for four values of dispersion time. A reasonably good agreement is seen, but also for this pigment some discrepancy is evident for the small agglomerates during the initial phases. As for B3L, a better match (not shown) can be obtained by introducing a timedependent fragment distribution, but the mean and maximum agglomerate diameters are only affected to a small extent (not shown), and it seems appropriate to keep the model simple with n = 2 and k d as the only adjustable parameter.
Frequency distributions
Frequency distributions for LBG are shown in Fig. 11 . Also for this pigment, the initially bimodal distribution tends progressively toward monomodal as observed in practice by McGarvey et al. 8 Model verification using data for Pigment Red DPP The last experimental series was taken from an independent study with Pigment Red DPP in an acrylic For this pigment, the transient development in mean agglomerate diameter is much less than for the two previous pigments, as shown in Fig. 12 . Simulations were fitted to the experimental data by simply treating the three-roll mill as a batch dispersion. This simplistic approach means that no details of the process flows were used as input to the model and that equipment numbers are lumped into the value of k d . It can be seen that the experimental data can be matched by the model with n = 0, 1, 2, or 3, and it is not possible to extract details of the erosion mechanism from Fig. 12 . However, when looking at the full PSDs in Fig. 13 , it can be seen that a good match of the smallest particle classes is only possible when using n = 2 or 3, confirming that also in this case the erosion process depends on agglomerate external surface area (n = 2) (or agglomerate volume, n = 3). The maximum agglomerate diameter is also well described.
Evaluation of model assumptions
The model is based on a number of simplifying assumptions that will now be readdressed. The most important assumption is probably that of no agglom- erate rupture (i.e., break up) taking place during dispersion. Rupture could potentially be an important mechanism, in particular in the first part of the dispersion process, where the simple model (n = 2) does not predict the many small agglomerates being formed. Rwei et al. 28 mention that in their studies, coarse rupturing occurs in the early stages and later more gradual erosion occurs and that once erosion starts, it continues for very long times. Rupture occurred shortly after reaching a critical stress and concluded abruptly. Wahl et al. 7 (in their Fig. 3 ) have also discussed how agglomerates are a function of both size and bonding strength distribution. However, the assumption of rupture being absent is not crucial if only mean agglomerate diameters and/or d v90 and d v99 are of interest (at least not for the pigments considered in this work). The assumption has not been confirmed directly in any way. The importance of a rupture mechanism (as opposed to surface erosion) may in principle be a function of both dispersion time and agglomerate diameter. It will therefore be difficult to work with in practice, but it is likely that very easily dispersible agglomerates could simply fall apart into many smaller agglomerates or even primary particles in the initial stages of a dispersion. The long-term (119 h) and gradual development of bimodal PSDs into monomodal PSDs seen for B3L and LBG pigments in this work seem more likely to be dominated by surface erosion. Larger filler agglomerates at high shear rates, for instance, could be more influenced by rupture mechanisms, but this was not investigated.
It was assumed that all agglomerates, erosion fragments, and primary particles are spherical. This is probably a reasonable assumption for most agglomerates (see, e.g., the micrographs for DPP in Fig. 4 in Van et al. 25 ) but the primary particles can be, e.g., platy or acicular. The laser diffraction measurements convert the particle (agglomerate) volume to an equivalent spherical volume and calculate an associated spherical volume diameter so this is taken into account, but how and if it affects the mechanism of dispersion has not been investigated.
It was assumed that binder penetration into agglomerates does not influence the rate of dispersion. This is in good agreement with data from Lee et al., 11 where it was found that only for very high porosities, higher than 65%, does it play a role. The lower the porosity (pore diameters), the higher the penetration rate, according to Washburn's equation. 29 In addition, for a surface-erosion-controlled process, the rate of penetration into the bulk of the agglomerate should not be of importance.
It was also investigated if another linear erosion rate expression (instead of equation (5)) could be used. It is given by
where a is an additional empirical constant that must be fitted. However, it was not possible to obtain a good fit with this rate expression. In equation (5) (with n = 2), the rate is related to the external surface area of a sphere, but in reality, the agglomerates will have a rough surface. However, the model will not be practical if the (unknown) roughness needs to be included, and the roughness factor is (together with other parameters) lumped into the value of k d .
It was assumed that no primary particles are broken in the dispersion process. This seems a reasonable assumption because primary particles are held together passes in three-roll mill, respectively) for Pigment Red DPP pigment. In the top plot, also the initial PSD, which serves as an input to simulations, is shown. The values of k d used are the same as provided in Fig. 12 . Other parameters as shown in Fig. 12 (cohesion) by chemical bonds, unlike agglomerates where physical bonds hold the individual particles together. As stated earlier, chemical bonds are about 10 times stronger than physical bonds.
Practical use of the model
The one-parameter model can be used in the following way. A dispersion experiment is followed over time by taking samples at selected intervals. PSD measurements are conducted on the samples and D [4, 3] (and/or d v90 or d v99 ) is plotted as a function of time (as shown in Fig. 2) . The erosion rate constant, k d , is adjusted so that the model simulation (with n = 2) and experimental data match. If a satisfactory agreement cannot be obtained, other values of n (e.g., n = 3) can be tried (and if this also does not work well, the erosion mechanism is not the same as in the case studies of this work). Different pigments, examined in the same dispersion equipment at the same temperature, can then be compared quantitatively via the values of k d . A larger value of k d means a faster dispersion rate. With a proper ''calibrated'' (i.e., k d values for various pigments) model, it is also possible to use it as a supporting diagnostic tool when faced with dispersion failures.
One limitation of the present approach is that accurate PSD measurement equipment is needed. However, compact laser diffraction-based table-size equipment is now available in most companies working with dispersion of pigments. At-line or online versions, which can be used for production purposes and continuous quality control, can also be found. 33 Due to its reliability in detecting oversized agglomerates (often present in very small numbers that may not be ''seen'' in a diluted dispersion by laser diffraction), the primitive grindometer will probably be hard to avoid completely in coating production, but as shown in this work, additional relevant information can be obtained when working with full agglomerate PSDs.
Conclusions
A transient mathematical model describing the dispersion of pigment agglomerates in dispersion equipment (ball and three-roll mill) has been developed. Using some simplifying assumptions (e.g., second-order linear erosion rate) and a single adjustable parameter (erosion rate constant, k d ), and taking into account the full PSD, it was possible to provide a quantitative description of the transient development in the agglomerate diameters for volume-moment mean, d v90 , and d v99 for three pigments considered. The model involves the solution of 70 coupled ordinary differential equations, but is not limited by computation time (less than one minute on a ''standard'' PC).
An important point for further work is to map the influence of equipment parameters (e.g., stirrer type, rotation speed, the a parameter, or ball size), temperature, and other process parameters on the value of k d . Is it possible to handle all these effects via k d or will other mechanisms than surface erosion play a role, whereby the model needs to be extended?
The potential general validity of n = 2 should also be confirmed, in particular for inorganic pigments and for pigments with odd size primary particles (e.g., acicular).
A final note on terminology
It should be cautioned (warned) that the terminology is not very consistent in the field of dispersion. In most books (e.g., Winkler 1 ) and articles related to coatings, including this one, the term ''agglomerate'' is used to describe particles that are held together in a group by physical van der Waals forces and that can be dispersed. The term ''aggregate'' is used to describe a group of particles sintered together during processing, bound by chemical bounds, and that can only be milled (typically meaning a low quality pigment powder). However, other references, in particular outside the coatings community, more or less ignore the word ''agglomerate'' and use only ''aggregate'' (and/or ''flocculate'') in the discussion of particle (or droplet) dispersion.
